DHOST Bounce by Ilyas, Amara et al.
Prepared for submission to JCAP
DHOST Bounce
Amara Ilyasa,b,c Mian Zhud,e Yunlong Zhenga,b,c Yi-Fu Caia,b,c,∗
Emmanuel N. Saridakisf,g,a,∗
aDepartment of Astronomy, School of Physical Sciences, University of Science and Technology
of China, Hefei, Anhui 230026, P.R. China
bCAS Key Laboratory for Researches in Galaxies and Cosmology, University of Science and
Technology of China, Hefei, Anhui 230026, P.R. China
cSchool of Astronomy and Space Science, University of Science and Technology of China,
Hefei, Anhui 230026, P.R. China
dDepartment of Physics, The Hong Kong University of Science and Technology, Clear Water
Bay, Hong Kong S.A.R., P.R. China
eHKUST Jockey Club Institute for Advanced Study, The Hong Kong University of Science
and Technology, Clear Water Bay, Hong Kong S.A.R., P.R. China
fDepartment of Physics, National Technical University of Athens, Zografou Campus GR 157
73, Athens, Greece
gNational Observatory of Athens, Lofos Nymfon, 11852 Athens, Greece
E-mail: aarks@mail.ustc.edu.cn, mzhuan@connect.ust.hk, zhyunl@ustc.edu.cn,
yifucai@ustc.edu.cn, msaridak@phys.uoa.gr
Abstract. We present a new class of nonsingular bounce cosmology free from instabilities,
using a single scalar field coupled to gravity within the framework of the Degenerate Higher-
Order Scalar-Tensor (DHOST) theories. In this type of scenarios, the gradient instability
that widely exists in nonsingular bounce cosmologies in the framework of scalar-tensor and
Horndeski/Galileon theories is removed by the effects of new operators introduced by the
DHOST, due to the modification that they later bring about to the dispersion relation of
perturbations. Hence, our results demonstrate that there is indeed a loophole for this type of
bounce scenarios to be free from pathologies when primordial perturbations evolve through
the bounce phase, and thus the theoretical no-go theorem for nonsingular bounce cosmology
of Horndeski/Galileon theories can be delicately evaded in DHOST extensions.
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1 Introduction
With accumulated data, the Λ-Cold Dark Matter (ΛCDM) cosmology has become the stan-
dard paradigm in describing the evolution of our universe. In this standard paradigm, cos-
mologists believe that the Universe has undergone a short period of inflationary phase at
extremely high energy scales, which can provide a causal mechanism for generating primor-
dial perturbations that are appropriate to seed the formation of the large scale structure
(LSS) of the Universe [1]. However, it remain a mystery how the Universe evolves from a big
bang singularity which cannot be avoided within the inflationary ΛCDM cosmology [2, 3].
To address this conceptual issue, the idea of nonsingular bounce cosmology was investigated,
where the universe was assumed to begin the contracting evolution from a low energy state
with a large volume, then to experience a nonsingular bouncing phase and afterwards to
connect with the observed thermal expansion (see [4–9] for comprehensive reviews).
Bounce cosmology can be regarded as an alternative paradigm to inflation in describing
the very early moments of the Universe. In the literature, the “pre big bang” cosmology
[10] considers that the universe could start from an initial state with a very tiny curvature
following the scale-factor duality found in string cosmology. Additionally, the scenario of
“ekpyrotic/cyclic” universe [11, 12] is based on the periodic collision of two membranes in a
high-dimensional spacetime. Moreover, the configuration of matter bounce was put forward
[13, 14], which can yield almost scale invariant power spectra of primordial perturbations
and hence it is of observational interest [15–17]. A nonsingular bounce solution may be
achieved within modified gravity constructions [18–20], such as Lagrange-multiplier modified
gravity with limiting curvature [21–24], higher-order gravity [25, 26], f(R) gravity [27, 28],
f(T ) gravity [29], f(R, T ) gravity [30], nonlinear massive gravity [31], braneworld scenarios
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[32, 33], nonrelativistic gravity [34, 35], loop quantum cosmology [36–39], etc. Furthermore,
cosmology of nonsingular bounce may be also investigated by the approach of effective field
theory (EFT), namely the introduction of matter sectors that violate the null energy condition
(NEC) [40–42].
The realization of a nonsingular bounce, however, suffers from several conceptual chal-
lenges. While the matter bounce cosmology and its generalized scenarios may provide an
explanation for the scale invariant power spectrum [13, 14, 43, 44], moderate primordial non-
Gaussianities may also be derived [45–47], which indicates an observational no-go theorem for
single-field matter bounce based on a K-essence type Lagrangian, that its parameter space can
be constrained due to the severe tension between tensor-to-scalar ratio and non-gaussianities
[48–50]. Additionally, bounce models that involve matter fields violating NEC often suffer
from the ghost instability as well as gradient instability [51–54]. Thus, one needs to delicately
construct models, namely by using the Horndeski/Generalized Galileon type theories [55–58],
in order for a ghost-free nonsingular bounce may to be achieved [59, 60]. Finally, on top of
these, the homogeneous and isotropic background of a bouncing solution is unstable to the
development of radiation and anisotropic stress [61–64], which is known as the famous BKL
instability [65]. Having these in mind, an interesting question has been raised in [66], namely
whether a healthy version of nonsingular bounce may be achieved from the perspective of
EFT. In their work it was shown that if one combines an era of ekpyrotic contraction with
a nonsingular bounce by introducing a scalar field with a Horndeski-type non-standard ki-
netic term and a negative exponential potential, then most of the conceptual issues can be
well addressed and primordial perturbations can evolve through the bouncing phase smoothly
[67–75], except that the sound speed squared (c2s) of primordial scalar perturbations would
become negative around the bounce point, triggering the issue of gradient instability.
The gradient instability issue was later examined comprehensively in [76–79] where a
theoretical no-go theorem was presented that, for a generic Horndeski type theory as well as
some extended versions, nonsingular cosmological evolutions with flat spatial sections suffer in
general from gradient instabilities or pathologies in the tensor sector. To evade this theorem,
a nonsingular bounce free of ghost and gradient instabilities may be realized in Horndeski
cosmology by breaking certain assumptions applied in the theorem [80] or in cuscuton bounce
by freezing the scalar degree of freedom [81, 82]. Otherwise, based on the correspondence
between the EFT formalism and Horndeski/Generalized Galileon theories made in [83–85],
the gradient instability issue can be avoided by modifying the dispersion relation for pertur-
bations with the help of certain operators [86–90]. In particular, recent investigations have
shown that the EFT operators (3)Rδg00 as well as (3)RδK (here(3)R and K are the intrinsic
and extrinsic curvature in the ADM formalism) could be employed to keep c2s positive. Re-
markably, these needed operators can naturally arise in covariant forms within the framework
of the Degenerate Higher-Order Scalar-Tensor (DHOST) theories [91, 92], and in particular
the coupling of the scalar field and gravity could be that of the DHOST form. Hence, in the
present work we propose a new cosmological scenario of nonsingular bounce, starting from
an explicitly covariant Lagrangian combining DHOST terms with the original Lagrangian
developed in [66]. In this way all the above issues are successfully evaded, and moreover, as
we will see, the gradient instability problem can be terminated as well due to the DHOST
term.
The article is organized as follows. In Section 2 we briefly present the motivation for
developing a model of DHOST bounce, and then provide the generic action. Then, the
physics of DHOST bounce will be derived in Section 3; a realization of DHOST bounce will
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be presented in Section 3.1, and its detailed background evolution and perturbation analysis
of the model under construction can be found in Section 3.2 and 3.3 respectively. In Section 4,
we provide two type detailed examples in Section 4.1 and 4.2 respectively, to illustrate that our
model is free of gradient and ghost instabilities. One potential problem, the superluminality
issue is discussed in Section 5. Finally, Section 6 is devoted to a summary of our results with
relevant discussions. Lastly, we provide an introduction to DHOST theory and some detailed
calculations in the Appendix for the convenience of the reader.
Throughout the work we define the reduced Planck mass by Mp ≡ 1/
√
8piG = 1, where
G is the Newton’s gravitational constant, and we consider the signature of the metric as
(+,−,−,−). The dot symbol represents differentiation with respect to the cosmic time t: φ˙ ≡
dφ/dt, and a comma in the subscript denotes a normal derivative: φ,µ ≡ ∂µφ. Additionally,
at the bounce point we set the scale factor as aB = 1 and the cosmic time as tB = 0. Finally,
we use the subscripts fX and fφ to denote fX ≡ ∂f/∂X and fφ ≡ ∂f/∂φ, respectively.
2 Generic Action of DHOST bounce
The DHOST theories allow for the presence of second-order derivatives of a scalar field φ,
i.e. of ∇µ∇νφ, in the Lagrangian, as in Horndeski theories. However, in contrast to the
latter, which are restricted to Lagrangians leading to second-order Euler-Lagrange equations
(for both the metric and the scalar field), DHOST theories actually allow for higher order
Euler-Lagrange equations but are required to contain only one propagating scalar degree of
freedom and two tensor degrees of freedom coming from graviton polarizations in order to
avoid the Ostrogradski instabilities [93, 94].
It was then acknowledged that the crucial property shared by these models is the de-
generacy of their Lagrangian, which guarantees the absence of a potentially disastrous extra
degree of freedom [91]. The absence of an extra degree of freedom was confirmed, for beyond
Horndeski theories by their relation to Horndeski theories via field redefinition [95, 96], as well
as by a Hamiltonian analysis for a particular quadratic case [97], and for general quadratic
DHOST theories by a general Hamiltonian analysis [98]. The absence of extra degree of free-
dom in these type of theories motivates one to use quadratic DHOST theories for finding the
compatible solution of geodesically complete cosmologies and to avoid the various conceptual
pathologies [66]. It is shown that beyond Horndeski theories can be free from Ostrogradsky
instabilities only if the Hessian matrix is degenerate, and it is this kind of theories that are
refered as DHOST [98–100]. This fact lies behind the motivation of the present study on a
possibly healthy bounce model based on the DHOST theory.
DHOST theories are defined to be the maximal set of scalar-tensor theories which gener-
alize theories of Horndeski type in four dimensional spacetime by including all possible terms
with at most three powers of second derivatives of the scalar field, while propagating at most
three degrees of freedom. The most general DHOST action involving up to cubic powers of
second derivative of the scalar field can be written as
S[g, φ] =
∫
d4x
√−g
[
f2(φ,X)R+ C
µνρδ
(2) φµνφρδ + f3(φ,X)Gµνφ
µν
+ Cµνρδαβ(3) φµνφρδφαβ
]
. (2.1)
The tensors C(2) and C(3) represent the most general tensors constructed with the metric gµν
as well as the first derivative of the scalar field which is denoted as φµ ≡ ∇µφ. The symbol
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φµν denotes the φµν ≡ ∇µ∇νφ, while the canonical kinetic term X becomes X ≡ 12∇µφ∇µφ.
Exploiting the symmetry in C(2) and C(3), one can reformulate Equation (2.1) to be:
Cµνρδ(2) φµνφρδ + C
µνρδαβ
(3) φµνφρδφαβ =
5∑
i=1
aiL
(2)
i +
10∑
j=1
bjL
(3)
j , (2.2)
where ai’s and bi’s depend only on φ and X. For the concrete construction of a bounce
model, we only keep ai terms which are associated with quadratic power Lagrangians L
(2)
i ,
and we assume all bj terms to vanish (bj = 0) in order to eliminate the effects of cubic power
Lagrangians L(3)j . Accordingly, the Lagrangians related to ai terms are listed as:
L
(2)
1 = φµνφ
µν , L
(2)
2 = (2φ)2 , L(2)3 = (2φ)φµφµνφν ,
L
(2)
4 = φµφ
µρφρνφ
ν , L
(2)
5 = (φ
µφµνφ
ν)2 . (2.3)
In order to see possible types of DHOST theory of pure quadratic order, we refer to the
descriptions presented in Appendix A. For our purpose of developing a covariant form of the
action, we rewrite the theory as
S =
∫
d4x
√−g
[
− 1 + f(φ,X)
2
R+K(φ,X) +Q(φ,X)2φ
+
J(φ,X)
2
(
L
(2)
1 − L(2)2
)
+
A(φ,X)
2
(
L
(2)
4 − L(2)3
)]
. (2.4)
In the action (2.4) the first term −R/2 corresponds to the standard Einstein-Hilbert action,
and K + Q2φ is a type of the Galileon action which has been introduced to the study of
cosmology such as in [59, 60, 66, 101, 102]. For the rest terms we make the choice
J(φ,X) ≡ − f
2X
, A(φ,X) ≡ f − 2XfX
2X2
, (2.5)
while L(2)i have been provided in Equation (2.3). We mention that the action in (2.4) is
originally derived from the (2)N–II type quadratic DHOST theory by taking
f2 =
f
2
, a1 = −a2 = − f
4X
=
J
2
, a4 = −a3 = A
2
=
f − 2XfX
4X2
, a5 = 0 , (2.6)
and is free from Ostrogradsky instabilities.
Following the EFT dictionary developed in [89], one expects that the term
SR(3)δg00 =
∫
d4x
√−g
{
− f
2
R+X
∫
fφφd lnX −
(
fφ +
∫
fφ
2
d lnX
)2φ (2.7)
− f
4X
[
φµνφ
µν−(2φ)2]− f − 2XfX
4X2
[
φµφµρφ
ρνφν − (2φ)φµφνφµν]} ,
is able to solve the gradient instability. Note that the first line of Equation (2.7) comes from
the Horndeski form with K + Q2φ, while the second line is exactly that of the (2)N–II
type DHOST Lagrangian. Hence, Equation (2.7) is included in the generic action (2.4).
Accordingly, we expect that our model is able to give a nonsingular bouncing solution without
gradient instabilities. We shall confirm this assertion in following analyses.
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3 General analysis of DHOST bounce
3.1 A realization of bounce cosmology
In this section we consider a scenario which allows for the bounce realization. Inspired by the
nonsingular bounce cosmology developed in [66], we consider the function K(φ,X) of action
(2.4) to have the form
K(φ,X) = [1− g(φ)]X + βX2 − V (φ) , Q(φ,X) = γX , (3.1)
with β and γ being the model parameters. The potential V and the coupling function g
depend on φ only, with their forms being given respectively by
V (φ) = − 2V0
e
−
√
2
q
φ
+ e
bV
√
2
q
φ
, g(φ) = − 2g0
e
−
√
2
p
φ
+ e
bg
√
2
p
φ
. (3.2)
Moreover, as mentioned in (2.4), the function f is an arbitrary function of φ and X. Thus,
different choices of f -forms yield different models of the DHOST bounce cosmology.
We apply the ADM decomposition by writing the background metric as
ds2 = N2dt2 − hij(dxi +N idt)(dxj +N jdt) , (3.3)
and the DHOST action (2.4)
S =
∫
dtd3x N
√
hLADM ,
where LADM is given by
LADM = 1 + f
2
R+ 1
2
(KijKij −K2)+K + (− fφ +Q)BK +QW ,
with
B = φ,µn
µ =
φ˙
N
, W = B,µn
µ =
1
N
(
B˙ +B
N i∂iN
N
)
.
Finally, after some algebra we can derive a simplified background action within a spatially
flat Friedmann-Lemaître-Robertson-Walker (FLRW) geometry, namely
S0 =
∫
dtdx3 Na3L0 , (3.4)
with
L0 = 3
aN
d
dt
( a˙
N
)
(1 + f) +
3a˙
N3a
φ˙
d
dt
( φ˙
N
)
fX +
3a˙2
N2a2
(1 + 2f)
+
3γa˙φ˙3
2aN4
+ (1− g) φ˙
2
2N2
+
βφ˙4
4N4
+
γφ˙2
2N3
d
dt
( φ˙
N
)
− V . (3.5)
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3.2 Background Dynamics
Let us now extract the field equations of the aforementioned action. These equations can be
calculated with the help of the stress energy tensor or alternatively through variation of the
background action (3.4) with respect to N , a and φ, respectively. In this article we follow the
second method, yielding
1
6
(1− g)φ˙2 + 1
4
βφ˙4 + γHφ˙3 +
V
3
−H2 = fa1 , (3.6)
1
2
(1− g)φ˙2 + 1
4
βφ˙4 − γφ˙2φ¨− V (φ) + 3H2 + 2H˙ = fa2 , (3.7)
P˜φ¨+ D˜φ˙+ Vφ = fa3 , (3.8)
where N = 1 has been imposed in the final result. The parameters fa1, fa2, fa3 quantify the
effect of the DHOST terms at the background equations and are given as
fa1 ≡ Hφ˙fφ +Hφ˙3fφX ,
fa2 ≡ −
[
fφφφ˙
2 + (fφ + φ˙
2fφX)φ¨
]
,
fa3 ≡ 3(H˙ + 3H2)(fφ + fφXφ˙2) + 3Hφ˙3(fφφX + fφXXφ¨) , (3.9)
while
P˜ = 1− g + 6γHφ˙+ 3βφ˙2 ,
D˜ = 3(1− g)H + (9γH2 + 3γH˙ − gφ
2
)
φ˙+ 3βHφ˙2 .
Equation (3.8) is the dynamical equation of the scalar field φ. We follow the convention
and use Equations (3.6), (3.7) to eliminate the H˙ inside and then acquire
Pφ¨+Dφ˙+ Vφ = fa3 − 3
2
γφ˙2(3fa1 + fa2) , (3.10)
where the functions P and D read as
P = 1− g + 6γHφ˙+ 3βφ˙2 + 3
2
γ2φ˙4 ,
D = 3(1− g)H + (9γH2 − gφ
2
)
φ˙+ 3βHφ˙2 − 3
2
(1− g)γφ˙3 − 9γ
2Hφ˙4
2
− 3βγφ˙
5
2
. (3.11)
In the detailed examples of the model building which shall be discussed in the next
section, we shall use a set of parameters as follows,
V0 = 10
−8 , g0 = 1.1 , β = 5 , γ = 3× 10−3 ,
bV = 100 , bg = 0.5 , p = 0.01 , q = 0.1 , (3.12)
where all parameters are expressed in units of the reduced Planck mass in the rest of the paper.
As the background equations depend on the DHOST term, we need to fix the explicit forms
of the DHOST term to acquire the numerical evolution. For simplicity, we only consider the
cases of f = f(X) and f = f(φ) in the next section. Before going to these cases, we would
like to take a look at the generic discussion on cosmological perturbation in the following
subsection.
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3.3 Cosmological perturbations
This section is devoted to the study of cosmological perturbations within the scenario at hand.
For the DHOST bounce model there are three physical degrees of freedom, namely one scalar
and two tensor modes.
We start with tensor perturbations first. The generic property of tensor perturbations
in the scalar-tensor theory is discussed in [104], and the quadratic action for tensor modes in
the FLRW background takes the generic form as
S2,T (General) =
∫
dtd3x
a3
2
(
γ˙ijGˆij,klγ˙kl − γijWˆ ij,klγkl
)
, (3.13)
in which γij are tensor perturbations and Gˆ,Wˆ are determined by the theory. Then, we can
substitute our action (2.4) into (3.13) and get
S2,T (DHOST ) =
∫
dτd3x
a2
8
[
γ′2ij − (1 + f)(∇kγij)2
]
, (3.14)
where τ is the conformal time defined by dτ = dt/a, and a ′ represents the differentiation with
respect to τ . One can straightforwardly see from Equation (3.14) that the ghost problem is
absent in our case. The propagation speed of tensor modes is expressed by c2T = 1 + f . In
order to ensure the tensor modes of our model are free from gradient instability, the condition
of 1 + f > 0 is required to be satisfied. Additionally, since c2T ' 1 today, we expect f ' 0
in the late universe. Finally, as the scope of the present study is upon the construction of
a stable bounce model, we leave the discussion on primordial gravitational waves as well as
confrontation with observations in a future project.
After that, we come to scalar perturbations. We work in unitary gauge for convenience
and we present the lengthy calculation of the detailed perturbation expansions in Appendix
B. Here we summarize the finally obtained reduced quadratic action for the curvature per-
turbation ζ, which acquires the form:
S =
∫
dτd3x
z2s
2
[
ζ ′2 − c2s (∂iζ)2
]
, (3.15)
where
z2s
2a2
= 3 + 2
[
(QX − fφX)φ˙3 − fφφ˙− 2H
]−2 [
φ˙2
(
KX − 2Qφ
)
+ φ˙4
(
KXX −QφX
)− 6H2
− 3Hφ˙
(
2fφ + φ˙
4fφXX + 5φ˙
2fφX
)
+ 12HQX φ˙
3 + 3Hφ˙5QXX
]
,
(− z
2
s
2a2
)c2s = 1 + f +
2
a
d
dt
[
a
(
fX φ˙
2 − f − 1)
2H − (QX − fφX)φ˙3 + fφφ˙
]
.
We can examine the absence of ghost and gradient instabilities by determining the
positivity of the parameters z2s and the sound speed squared c2s respectively, under the specific
investigated models. In the rest of the paper we will numerically examine the posibility of z2s
and c2s in specific models.
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4 Specific examples for stable DHOST bounces
In this subsection, we consider several concrete examples that are obtained by choosing dif-
ferent forms of the function f . We deal with a simple case f = f(X) in which the DHOST
correction does not affect the background behaviour of the Horndeski bounce. Then, we con-
sider another case f = f(φ) where the background dynamics can be dramatically affected.
For both cases, the DHOST term is found to be able to cure the gradient instability around
the bounce phase, which is the main point of the present work.
4.1 Case 1: f = f(X)
By adopting f = f(X), one can see from Equation (3.9) that fa1 = fa2 = fa3 = 0. Ac-
cordingly, the background equations of motion do not change when compared to the model
proposed in [66]. The numerical results for the evolution of the Hubble parameter H and
the equation-of-state parameter w (which is defined as the ration between the pressure and
energy density of the scalar field) are presented in Figure 1, and the numerical evolution of
the background scalar field φ is provided in Figure 2. The zoomed-in views of the evolutions
are also shown around the bounce point.
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Figure 1. Numerical evolution of the Hubble parameter H and the equation-of-state parameter w
as functions of cosmic time when f = f(X). The main plot shows that a nonsingular bounce occurs,
and that the time scale of the bounce is short (which is referred as fast bounce). The insert shows the
detailed evolution around the bounce point.
The parameters z2s and c2s from Equation (4.1) can be further simplified to be
z2s
2a2
= 3 +
2
[
φ˙2(KX − 2Qφ) + φ˙4(KXX −QφX)− 6H2 + 12HQX φ˙3 + 3Hφ˙5QXX
](
QX φ˙3 − 2H
)2 ,
(− z
2
s
2a2
)c2s = 1 + f +
2
a
d
dt
[
a
(
fX φ˙
2 − f − 1)
2H −QX φ˙3
]
. (4.1)
Since the expression of z2s is the same as in [66], the analyses on the positivity of z2 remain
the same. Therefore, the model at hand is free of ghost instability.
Let us now investigate the evolution of the c2s and c2T terms to examine whether the
gradient instability can be safely solved in this specific example. For simplicity, we consider
the form of f(X) to be a polynomial function of X, namely f(X) = ΣcnXn. Additionally,
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the condition that, the propagation speed of tensor modes c2T = 1 + f approaches 1 in the
late universe where X → 0, can automatically yield the constraint c0 = 0.
With the parameters chosen in (3.12), we can numerically solve c2s and c2T along with
the background evolution. The results with different f(X) forms are displayed in Figure 3.
Note that, the function f(X) is almost 0 outside the bounce phase since X ' 0 according to
Figure 2, and hence the DHOST term yield little effect on c2s and c2T when it is away from the
bounce. In this case, the dynamics of the perturbation will be similar to the case as analyzed
in [66]. Thus, we only plot the behaviour of c2s and c2T near the bounce point (i.e. in the
neighbourhood of t = 0), for convenience.
The forms of f(X) examined are:
1. f = 0. In this special case our model can exactly reduce back to the original bounce
model merely based on Horndeski theory as in [66], where there is no DHOST effect. As
one can see in the left-top panel of Figure 3, we have c2s < 0 lasting for a short period
around the bounce point. This indicates exactly the gradient instability for nonsingular
Horndeski bounces.
2. f = c1X2. In this case we again find that the criterion of c2s > 0 and c2T > 0 can be
always satisfied if we take a sufficiently large value of c2 (for the specific parameter values
that we chose for the background evolution (3.12) we obtain c2 & 5000). Additionally,
for this example we also acquire c2s > 1 and c2T > 1 for a short interval.
3. f = c2X3. In this case we find that the criterion of c2s > 0 and c2T > 0 can be always
satisfied if c3 > 2 ∗ 106 with the background model parameters of (3.12). Furthermore,
there also exists a short period for c2s > 1 and c2T > 1 during the bounce phase.
4. f = c1X2 + c2X3. Having the above examples in mind, we now consider this combined
model in order to fulfill the requirement of c2s > 0 and c2T > 0, and additionally to
weaken the c2s > 1 and c2T > 1 phase around the bounce. As we observe in Figure 3,
this can indeed be obtained.
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0 . 1
0 . 2
0 . 3
- 1 0 0 - 5 0 0 5 0 1 0 0
0 . 0 0
0 . 0 4
0 . 0 8
0 . 1 2
0 . 1 6


t
Figure 2. Numerical evolution of the background scalar field φ and its time derivative φ˙ as functions
of cosmic time when f = f(X).
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4.2 Case 2: f = f(φ)
In this subsection we further consider the case with f = f(φ) in order to show how generally
the DHOST terms can cure the gradient instability in nonsingular bounce cosmologies. In
this case the background equations of motion are apparently affected by the DHOST term.
Nevertheless, by constructing explicit examples we find that nonsingular bounces without
ghost and gradient instabilities can still be obtained.
We will examine one successful example f = e−0.1φ2(1−e−0.2φ2) in this section. We first
draw the numerical evolution of the Hubble paramete H to show that a nonsingular bounce
can happen in Figure 4. Note that the bounces may happen multiple times, which is different
from previous models.
We begin our perturbation analysis with the ghost issue. Since z2T = a
2/8 is always
positive, we only need to plot z2s to show there is no ghost instability. The numerical evolution
of z2s is plotted in Figure 5. We can see from the numerical results that z2s is always positive,
hence the ghost problem is absent in our model.
Then we come to the propagation speed squared c2s and c2T . We provide the numerical
evolution of c2s and c2T in Figure 6. By explicitly showing their behaviour both globally and
locally near the bounce, one can read that c2s and c2T are always positive, and therefore the
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Figure 3. Numerical evolution of the propagation speed squared, c2s of scalar perturbations and c2T
of tensor perturbations, as functions of the cosmic time t near the bounce point, with the DHOST
function being f = 0 (top left), f = 5000X2 (top right), f = 2 × 106X3 (bottom left) and f =
300X2 + 6 × 105X3 (bottom right), respectively. The values of model parameters are provided in
(3.12).
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Figure 4. Numerical evolution of the Hubble parameter H of the background as a function of
the cosmic time t, with the DHOST function being f = e−0.1φ
2
(1 − e−0.2φ2). The values of model
parameters are provided in (3.12).
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Figure 5. Numerical evolution of z2s as a function of cosmic time t, with the DHOST function being
f = e−0.1φ
2
(1− e−0.2φ2). The values of model parameters are provided in (3.12).
gradient instability can be fully solved.
5 Super-luminality
In the above explicit scenarios we showed that the DHOST corrections to the Horndeski
bounces can remove the ghost and Laplacian instabilities by making c2s to be larger than
0 throughout the whole cosmological evolution. Nevertheless, as we have seen, there exist
a short period around the bounce phase where the value of sound speed squared is larger
than unity, i.e. c2s > 1. This arises from the fact that the appearance of the DHOST terms
can modify the dispersion relation of primordial perturbations and uplift the value of c2s
with added operators. Actually this is the mechanism that increases c2s and allows us to
avoid the c2s < 0 regime. Although we should try to make a subtle fine-tuning in order to
construct a model in which the aforementioned uplift of c2s could simultaneously remove the
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Figure 6. Evolution of the sound speed squared c2s and c2T with the DHOST function being f =
e−0.1φ
2
(1− e−0.2φ2).
c2s < 0 regime but without entering into the c2s > 1 region, there is no need to do that since
in our case super-luminality is not problematic since it does not necessarily correspond to
acausality [101, 105–108]. In particular, super-luminality is known to be a general feature
of large classes of Horndeski/Galileon theories, however, it does not imply pathologies or
acausality necessarily, since superluminal propagation around specific solutions might imply
simply that the theory cannot be UltraViolet-completed by a weekly coupled string theory
or a Lorentz-invariant, local Quantum Field Theory [109]. In summary, in the scenarios of
DHOST bounces examined in the present work we conclude that super-luminal propagation,
although it could be removed by fine-tuning, is not problematic.
6 Conclusion and discussions
In this work, we have presented a new class of nonsingular bounce cosmology free from
pathologies and instabilities, based on the DHOST theories. In this type of scenarios, the
gradient instability that widely exists in nonsingular bounce cosmologies in the framework of
scalar-tensor and Horndeski/Galileon theories is removed by the effects of the DHOST terms
due to the modification that they later bring about to the dispersion relation of primordial
perturbations. In this regard, the DHOST bounce cosmology can serve as a possibly healthy
paradigm of the very early universe alternatively to inflation.
In the concrete realizations that we investigated, there can be at least two categories of
bounce models, depending on the whether the DHOST function f is a function of the scalar
field φ or its kinetic term X. According to our detailed analysis, both types of models can
avoid ghost as well as gradient instabilities throughout the whole background evolution.
The above behaviour is obtained due to the fact that although the DHOST correction
terms do not alter the background evolution, they do modify the dispersion relation of scalar
perturbations, leading the squared sound speed to be uplifted and thus moving away from the
c2s < 0 regime that was plaguing the standard Horndeski/Galileon bounces. This uplifting
may however lead c2s to obtain superluminal values during sort periods of the evolution, nev-
ertheless as we discussed this superluminality is not problematic since it does not correspond
to acausality, and thus it does not need to get removed by fine-tuning. Finally, concerning the
propagation speed of gravitational waves, we saw that although this is altered by the effect
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of the DHOST correction terms, one can suitably choose the function f in order to obtain a
late-time speed equal to the light speed and thus easily bypass the current gravitational wave
constraints.
The present study has illustrated the theoretical possibility of a healthy nonsingular
bounce in the framework of DHOST theories. The construction of more realistic scenarios
should also incorporate confrontation with various observational constraints, including the
high precision CMB measurement of primordial power spectrum, the tension between the
tensor-to-scalar ratio and primordial non-gaussianities, as well as particle production and
reheating process required to smoothly connect the observed thermal big bang expansion. All
these topics deserve to be studied in a separate follow-up project.
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A Quadratic DHOST Theory
In order to evade Ostrogradski instabilities the Hessian matrix of the Lagrangian (2.1), using
(2.2), should be degenerate. This imposes constraints on the choices of ai’s and bi’s. Following
[99], all possible types of DHOST theories that are purely quadratic (namely with f3 = bi = 0)
are listed as follows.
1. Minimally coupled theories. This category contains three cases.
(a) (2)M–I: There are three free functions a1,a2 and a3, whose constraints are
a4 =
a1
X
, a5 =
a1(a1 + 2a2) + 2a1a3X + 3a
2
3X
2
4(a1 + 3a2)X2
, a2 6= −a1
3
.
(b) (2)M–II: There are three free functions a1, a4, a5, which are constrained by a2 =
−a13 and a3 = − a13X .
(c) (2)M–III: There are four free functions a2, a3, a4, a5 and the unique condition
a1 = 0. There is only one scalar degree of freedom in this case.
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2. Non-minimally coupled theories. This category contains four subcases.
(a) (2)N–I: There are three free functions f2,a1 and a3, with a2 = −a1 6= f22X and
a4 =
1
8(f2 + 2a1X)2
{
4f2
[
3(a1 + f2X)
2 − 2a3f2
]
− 4a3X2
(− 8a1f2X + a3f2)
− 8X(3a1a3f2 − 8a21f2X − 4a1f22X − 4a31 − a3f2f2X)} ,
a5 =
1
2(f2 + 2a1X)2
(
a1 + a3X + f2X
)[
a1(a1 − 3a3X + f2X)− 2a3f2
]
.
(b) (2)N–II: There are three free functions f2, a4, a5, together with a2 = −a1 = f22X
and a3 = f2−2Xf2X2X2 .
(c) (2)N–III: There are three free functions f2, a1, a2, and the corresponding constraints
are given by
a1 + a2 6= 0 , a1 6= − f2
2X
,
a3 = −2f2X
f2
(
a1 + 3a2
)
+
(a1 + 4a2 + f2X)
X
− f2
X2
,
a4 =
2f22X
f2
+
a1 − f2X
X
+
f2
2X2
,
a5 = − 1
4f22X
3
[
4f32 − 2f22X(3a1 + 8a2 + 6f2X) + 8f2f2XX2(f2X + 2a1 + 6a2)
− 12f22XX3(a1 + 3a2)
]
.
Note that since the conventions in [99] are X ≡ ∇µφ∇µφ and the metric signature is
(−,+,+,+), the X in [99] should be replaced by −2X when converting the convention into
the present article.
Finally, we mention that the pure cubic theory, namely with f2 = ai = 0, and the
merging between cubic theory and quadratic theory, are much more complicated than the
quadratic theory above, and since are not needed for the purpose of our analysis we will not
introduce them here.
B Quadratic action of cosmological perturbations
In this Appendix we provide the quadratic action of cosmological perturbations of the above
quadratic background action. To derive the quadratic action we decompose the metric gµν =
nµnν − hµν , and the lapse function and shift vector are written as
N = 1 + α , Ni = ∂iσ . (B.1)
The extrinsic curvature and acceleration are given by
Kµν =
1
2
Lnhµν = 1
2
(h˙ij −Ni|j −Nj|i) ,
aµ = nν∇νnµ = hµiDi lnN , aµ = hµνaν = Dµ lnN .
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The Ricci scalar can be expressed as
−R = R+KijKij −K2 + 2∇µ(nµK − aµ) ,
where R is the Ricci scalar of the spatial coordinates. Afterwards, we apply the unitary
gauge:
δφ = 0 , hij = a
2e2ζδij . (B.2)
Beside, under this gauge, we have the scalar quantity 2φ = BK +W , where
B = φ,µn
µ =
φ˙
N
, W = B,µn
µ =
1
N
(
B˙ +B
N i∂iN
N
)
.
Accordingly, the above basic quantities up to the second order become
R = − 2
a2
(
∂iζ∂
iζ + 2∂i∂
iζ − 4ζ∂i∂iζ
)
,
Kij = a
2δij
[
H
(
1 + 2ζ − α+ α2 − 2ζα+ 2ζ2)+ ζ˙(1 + 2ζ − α)]
− (1− α)∂i∂jσ +
(
∂iζ∂jσ + ∂jζ∂iσ − ∂kζ∂kσδij
)
,
K = 3H
(
1− α+ α2)+ 3ζ˙(1− α)− (1− 2ζ − α)∆σ − 1
a2
∂iζ∂
iσ ,
S = KijKji = 3H2
(
1− 2α+ 3α2)+ 6Hζ˙(1− 2α) + 3ζ˙2
− 2(H − 2Hα− 2Hζ + ζ˙)∆σ + 1
a4
∂i∂jσ∂
i∂jσ − 2H
a2
∂iζ∂iσ ,
K2 = 9H2
(
1− 2α+ 3α2)+ 9ζ˙2 + (∆σ)2 + 18Hζ˙(1− 2α)− 6ζ˙∆σ
− 6H(1− 2α− 2ζ)∆σ − 6H
a2
∂iζ∂
iσ ,
B = φ˙(1− α+ α2),
W =
(
1− 2α+ 3α2)φ¨− (1− 3α)α˙φ˙+ φ˙
a2
∂iα∂
iσ . (B.3)
Now, for any scalar function such as P , Q and f , the expansion up to second order
becomes
P = P +
1
2
φ˙2α
(
3α− 2)PX + 1
2
φ˙4α2PXX . (B.4)
Hence, the quadratic part for the scalar perturbations of the Einstein-Hilbert action is given
by
S
(2)
EH =
∫
dtd3xa3
[
− 3H2α2 + 9H2αζ − 27
2
H2ζ2 − 3ζ˙2 + 6Hζ˙(α− 3ζ)
− 2Hα∆σ + 2ζ˙∆σ + 1
a2
(
∂iζ∂
iζ − 2α∂i∂iζ
)]
. (B.5)
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Additionally, for the part involving K and Q terms in Equation (2.4), the quadratic action is
then expressed as
S
(2)
KQ =
∫
dtd3xa3
{[
3ζ
(
α+
3
2
ζ
)
K +
1
2
φ˙2
(
α2 − 6αζ)KX + 1
2
φ˙4α2KXX
]
+
(
φ¨+ 3Hφ˙
)[(
α2 − 3αζ + 9
2
ζ2
)
Q+
1
2
φ˙2
(
5α2 − 6αζ)QX + 1
2
φ˙4α2QXX
]
+Qφ˙
[ 1
a2
∂iσ∂i(α− ζ) + α˙
(
2α− 3ζ)+ 3ζ˙(3ζ − α)+ (α− ζ)∆σ]
+QX φ˙
3α
(
α˙− 3ζ˙ + ∆σ)} . (B.6)
Therefore, the total quadratic action for the DHOST theory is give by
S2 =
∫
dtd3xa3L(2) , (B.7)
with
L(2) =− 3ζ˙2 + α2
[1
2
φ˙2KX +
1
2
φ˙4KXX +
(
φ¨+ 3Hφ˙
)(
Q+
5
2
φ˙2QX +
1
2
φ˙4QXX
)− 3H2
− 3
2
Hφ˙
(
2fφ + φ˙
4fφXX + 5φ˙
2fφX
)]
+ 3αζ
[
K − φ˙2KX − (φ¨+ 3Hφ˙)
(
Q+ φ˙2QX
)
+ 3H2 + 3Hφ˙
(
fφ + φ˙
2fφX
)]
+
9
2
ζ2
[
K +
(
φ¨+ 3Hφ˙
)
Q− 3H2 − 3Hfφφ˙
]
+ α˙φ˙
[(
2Q+QX φ˙
2
)
α− 3Qζ
]
+ 3ζ˙
{
3
[
φ˙(Q− fφ)− 2H
]
ζ − α[φ˙(Q− fφ) + φ˙3(QX − fφX)− 2H]}+ 1 + f
a2
∂iζ∂
iζ
+
2
a2
(
fX φ˙
2 − f − 1)α∂i∂iζ + 2ζ˙∆σ + [φ˙3(QX − fφX)− fφφ˙− 2H]α∆σ . (B.8)
Variation with respect to σ leads to the constraint
α =
2ζ˙
2H −QX φ˙3 + fφφ˙+ fφX φ˙3
. (B.9)
Using the above constraint, one can derive the simplified action of scalar modes at second
order as:
S2 =
∫
dτd3x
z2s
2
[
ζ ′2 − c2s
(
∂iζ
)2]
, (B.10)
and where
z2s
2a2
= 3 + 2
[
(QX − fφX)φ˙3 − fφφ˙− 2H
]−2 [
φ˙2(KX − 2Qφ) + φ˙4
(
KXX −QφX
)− 6H2
− 3Hφ˙
(
2fφ + φ˙
4fφXX + 5φ˙
2fφX
)
+ 12HQX φ˙
3 + 3Hφ˙5QXX
]
,
(− z
2
s
2a2
)c2s = 1 + f +
2
a
d
dt
[
a
(
fX φ˙
2 − f − 1)
2H − (QX − fφX)φ˙3 + fφφ˙
]
.
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